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The DNA-Based Algorithms of Implementing
Arithmetical Operations of Complex Vectors on a
Biological Computer

Weng-Long Chang*, Athanasios V. Vasilakos, and Michael Shan-HuiHo

Abstract—Here we show that arithmetical operations of complex
vectors can be implemented by means of the proposed DNA-based
algorithms.

Index Terms—DNA-based algorithms, molecular computing.

1. INTRODUCTION

ROM [1], [2], MANY biological algorithms of solving
F different problems were introduced. From [3], molec-
ular algorithms of implementing biomolecular databases were
proposed. From [4], quantum algorithms of implementing
biomolecular solutions of the vertex cover problem were pro-
posed. Our major contributions in this journal paper are as
follows.
» We show that addition of complex vectors and closure ax-
ioms of addition of complex vector can be implemented by
means of biological operations and DNA strands.

II. THE FORMAL MODEL OF COMPUTATION

DNA (deoxyribonucleic acid) in [1], [2] includes polymer
chains which are commonly regarded as DNA strands. Each
strand may be made of a sequence of nucleotides, or bases,
attached to a sugar-phosphate “backbone.” The four DNA
nucleotides are adenine, guanine, cytosine, and thymine, com-
monly abbreviated to A, G, C, and T respectively. The following
biomolecular operations will be applied to develop molecular
algorithms of implementing arithmetical operations of complex
vectors. Their implementation can be found in [1].

Definition 2-1: Given set X = {znZn_1...2271| V24 €

{0,1} for 1 < d < n} and a bit z;, the biomolec-
ular operation “Append-Head” appends =; onto the
head of every element in set X. The formal rep-

resentation is written as Append — Head(X, %) =
{Z;2nZn_1...2221|V2q €{0,1} for 1 < d < mand z; € {0.1}}.
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Definition 2-2: Given set X = {zp@n_1...z221| Y2q €

{0,1} for 1 < d < =} and a bit z;, the biomolec-
ular operation, “Append-Tail,” appends x; onto the
end of every element in set X. The formal rep-

resentation is written as Append — Tail(X, z;) =
{ZnTn-1... w2312, Vog €{0,1} for 1 <d <nandz; € {0,1}}.

Definition 2-3: Given set X = {zn®p_1...T2231| Vaqg €
{0,1} for 1 < d < n}, the biomolecular operation “Discard(X)”
sets X to be an empty set and can be represented as “X = &.”

Definition 2-4: Given set X = {zp,Zn_1...2221| Yzq €
{0,1} for 1 < d < =n}, the biomolecular operation
“Amplify(X, {X;})” creates a number of identical copies X; of
set X, and then “Discard(X).”

Definition 2-5: Given set X = {zn®p_1...T2231| Vaqg €

{0,1} for 1 < d < =n} and a bit, z;, if the value
of z; is equal to one, then the biomolecular ex-
tract operation creates two new sets, +(X,z;") =

{Bn@n_1...2; . @2w1| Vg € {0,1} for 1 < d # j < n}
and —(X,z;Y) = {znzn_1...2;,°.. 22| Vog € {0,1} for
1 < d # j < n}. Otherwise, it produces another two new sets,
HX, ") = {znzn_1...2;0. . zom|Vag € {0,1} forl1 < d #j
< n} and —(X,z;") = {zndn_1...2;0 . mex1] Vag €
{0,1} for 1 < d # j < n}.

Definition 2-6: Given m sets X ...X,,, the biomolecular
merge operation, U(X1,..., Xm) = X1 U ... U Xn.

Definition 2-7: Given set X = {zn®p_1...T2231| Vaqg €
{0,1} for 1 < d < n}, the biomolecular operation “Detect(X)”
returns true if X # &. Otherwise, it returns false.

Definition 2-8: Given set X = {zpZn_1...2221| Yzq €
{0,1} for 1 < d < n}, the biomolecular operation “Read(X}”
describes any element in X. Even if X contains many different
elements, the biomolecular operation can give an explicit de-
scription of exactly one of them.

III. THE DNA-BASED ALGORITHMS OF IMPLEMENTING
ARITHMETICAL OPERATIONS OF COMPLEX VECTORS

The following subsections are applied to show how arith-
metical operations of complex vectors are implemented by the
proposed DNA-based algorithms that are made of biological
operations and DNA sequences.

A. The DNA-Based Algorithms of Implementing Addition of
Complex Vectors and Closure Axioms of Addition

It is assumed that a nonempty set V is equal to {[a1,1 +
b1t ... a1,p+b1pilixp| ¥V a1k and by i are real numbers for 1 <
k < p, and i = +/—1}. It is supposed that the values of a1
and by in V can be subsequently represented as two signed
binary number, UL, ka+1U1, k1 -+ ULk, 1 and V1,k,+1V1,k,0 -+ VL,k,1
forl <k < p.uisi+1° and vy 417 represent positive sign and
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w1 k141" and v1 141" Tepresent negative sign. It is assumed for
1 S k S r that ULk, UL k,s+1 and V1,k.d - V1,k,s+1 arC their
integer, and w1 ks ... #1,5,1 and v1 ks . . . v1,5,1 are their fraction.
From [1], [2], for every bit ui ; andv1px; 1 <k <pand1 <y
< 1+ 1, two distinct DNA sequences are designed to encode
them. It is assumed that u; 1 ;' and v1 5 ;' denote their value to
be 1, u1x,;° and vy ;° defines their value to be 0, and wu; 1 ;
and vy 5, ; defines their value to be 0 or 1.

It is supposed for 1 < k < p that two binary numbers
Yk.i+1, Uk ly - - - Yb,1 aNd g 141,851, . . - ip,1 TEprESent, respectively,
the sum of the real part and the imaginary part to the kth element
in « and 3 that are any element in V. yz 141" and iz 41 rep-
resent positive sign, and yx;.1" and i ;1" represent negative
sign. It is assumed that y ;* and 45 ;* denotes their value to be
1, and y ;° and iz ;° defines their value to be 0. The following
DNA-based algorithm, Algorithm 3-1, is used to implement
addition of complex vectors and closure axioms of addition. In
Algorithm 3-1, the initial state of each tube is set to an empty
tube.

Algorithm 3-1: Implement addition of complex vectors and
closure axioms of addition.

1) Init (T10)~

2) InitialValue(7y).

3) For £ = p down to 1
(3a) ImaginaryParallelCornparator(Tg, Too, 111,
To,1” " Toa",Ti0” " Ti05, k, k).
g3f)) ImaglnaryB1naryParallelAdder (To,0,T1,1, k).
3¢c)
ImaginaryBinaryParallelSubtractorGE (To1”~,
Tio” ", k).
(3d) ImaglnaryB1naryParallelSubtractorLT (Toq <,
T10°,k).

(3€)T0—U(T007T1 5L,T017 ", To15,T1,0” ", T1,0° )
(39 RealParallelComparator(To7 Too, T1 1, T(] 107,
Ton <, Ti0” =, 110", k, k).
3 ﬁ) RealearyParallelAdder (To,0,T11, k).

3h) RealB1naryParallelSubtractorGE(To 1=

T Lk
g31§ORealP):maryParallelSubtractorLT(Tg 1 ,Tl 0 ,k).
EndF 3)) To = UW(To,0, 1,1, T0,27 =, o<, Th0” ™, D10 )
n or
(4 Fork=1top
(O Forj=1tol+1
(5a) Ty = +(To,yk,j1) and Ts0 = 7(T0,yk,]‘1).
(Sb) To1 = +(Tzo,ik~j1) and Thy = —(Tzo,ik,jl).
(SC) Ts1 = +(T50,Z'k,j1) and Ts2 = 7(T507ik7j1).
(Sd) T = +(T10,U1‘k,j1) and Ty =
—(Two,u1,k,51).
(56) T3 = —|—(T30,’L)171¢,,j1) and T2 =
(50) To1 = +(Tbo,v1,5,;") and Tes =
(5g) If (Detect(T21) = “yes") then
(Sh) DiSC&I‘d(ng N TGl N T62, T227 T51, T52).
(51) Ty = U(To,T21) and Tho = U(T19,T31).
(5j) Elself (Detect(T32) = “yes") then
(Sk) Discard(T31 , TGl , TGQ, Tzl, T51, T52) .
(51) To = U(To,Tzz) and T10 = U(T107T32)~
(5m) Elself (Detect(T51) = “yes") then
(5n) DiSC&I‘d(T;n , ng, Tﬁz, Tgl, Tzz, T52) .
(50) Ty = U(T07T51) and Tyo = U(T107T61).
(5p) Elself (Detect(T52) = “yes") then
(Sq) Discard(T31 s T32 s T61, T21, Tzz, T51).
(Sr) Ty = U(Tg,Tg,z) and Tio = U(Tlo,Tﬁg).
EndIf

EndFor
EndFor

—(Ts0,v1,8,5').
—(T60, v1,5,5%)-
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6) If éDetect(Tm) yes") then

6a) Read(Ty j
EndIf
EndAlgorithm

Theorem 3-1: Algorithm 3-1 can be used to implement addi-
tion of complex vectors and closure axioms of addition.

Proof: After the first execution of Step (1) and Step (2)
is implemented, tube T3¢ contains DNA sequences encoding all
of the elements in V and tube 7 contains DNA sequences en-
coding the real part and the imaginary part of « and 3. Next,
after the kth execution of Step (3a) is implemented, two operands
in Tp o are positive real values, two operands in 77 ; are nega-
tive real values, in Tp,1”~ the absolute value of the first posi-
tive operand is greater than or equal to the absolute value of the
second negative operand, in Tp,1 < the absolute value of the first
positive operand is less than the absolute value of the second
negative operand, in Ty~ the absolute value of the first neg-
ative operand is greater than or equal to the absolute value of
the second negative operand and in 77 0~ the absolute value of
the first negative operand is less than the absolute value of the
second positive operand.

Next, after the kth execution of Step (3b) through Step (3d)
is implemented, the required computation for their kth elements
in the imaginary part of « and 3 in To, Th 1, To1” =, Tio”~,
To,1<, and T1,0< is completed. Next, the kth execution of Step
(3e) pours their contents into 7. Next, similar computation to
the real part of « and 3 is completed by means of implementing
the kth execution of Step (3f) through Step (3j). Next, each exe-
cution of Step (5a) through Step (5f) yields different tubes with
different DNA strands. Next, each execution of Step (5g) through
Step (5r) removes illegal DNA strands and reserves legal DNA
strands. Finally, DNA sequences in 71 give the answer of sat-
isfying closure axioms. Next, the execution of Step (6) and Step
(6a) completes the process of reading the answer(s). Therefore,
it is inferred that Algorithm 3-1 can be applied to implement ad-
dition of complex vectors and closure axioms of addition. ]

B. Constructing Molecular Solutions to Domain and Range
of Closure Axioms of Addition

The following DNA-based algorithm, Init(710), is used to
construct molecular solutions of a nonempty set V' denoted in
Section III-A. The notations used in Init(71,) are denoted in
Section III-A. The first parameter T} is an empty tube.

Procedure Init(Tho)
()Fork=1top
(1a) Append — tail(711, ulyk,H,ll).
(1b) Append — tail(le, ulyk,l+10).
(1e) Vi, = U(T11,Th2).
(2) For 7 = { down to 1
(28.) Amplify’(Yk, T11, le).
(2b) Append — tail(Tu, ul,k,jl).
(2¢) Append — tail(Thz, u1 x ;).
2d) Yr = U(T11, T12).
EndFor
(3)For j =1+ 1downtol
(3a) Amplify Yy, Tu1, Th2).
(3b) Append — tail(T11,vi k5%).
(3C) Append — tail(le, ’Ul,k,jo).
(3d) Yr = U(T11,T12).
EndFor
EndFor
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(4 Fork=1top

(4a) T10 = U(T10,Yk).
EndFor
EndProcedure

Lemma 3-1: The DNA-based algorithm, Init(T10), can be ap-
plied to construct molecular solutions to domain and range of
closure axioms of addition.

Proof: Please refer to the proof of Theorem 3-1. ]

C. Constructing Molecular Solutions to Any Two Elements
With p-Tuples of Complex Numbers

It is supposed that & = [@a1,1 + abr1i ... a1p + abipi,,
and ﬂ = [ﬂa1,1 + ﬂb1,1i - ﬂal,p + ﬁpri]lxp, where 1 = \/jl
and way,k, abyk, a1 and Bby ), are real numbers for 1 < k
< p. It is supposed that the value of a1 5 in « and Ba1 i in 3
can be subsequently represented as two signed binary numbers,
ArE +1QT, 1 ... ATk 1 and ,67')@,],_»,_1[37“)6’], AN ,Brk,l for 1 < k < p.
arg,+1° and Brg,141° represent positive sign, and ary ;41" and
Brei+1’ Tepresent negative sign. It is assumed for 1 < k < p
that arg,;...args+1 and Bry,; ... Bry, s+1 are their integer and
orgs...argy and Brys...Are1 are their fraction. It is also
supposed that the value of ab; ; in « and Bby 5 in 8 can be also
represented as two signed binary numbers, oy 11k - - . ik
and ,‘3ik,l+1ﬁik,l .. .ﬁi}c’l for 1 S k S p. CL’Z‘}C’H.lO and ﬁik’H,lO
represent positive sign, and aig 1" and Bir..1' represent
negative sign. It is assumed for 1 < k < p that aig,i ... &igk,s+1
and Bix,;...0Biks+1 are their integer, and wigs...air1 and
Bik,s - .. Bir,1 are their fraction. Tol < k <pand1<j;<I[+1,
it is assumed that ary ;*, aig ', Bre,its Bingt, are,”, aig;°,
Bre,;° and Big ;° denote their values to be one and zero. The
following DNA-based algorithm, InitialValue(Ty), is used to
construct molecular solutions of @ and 3. The first parameter 7
is an empty tube.

Procedure InitialValue(Tp)
(1)Fork=ptol
2)Forj=1tol+1
(2a) Append — head(Ty, ik, ;).
EndFor
(3)Forj=1tol+1
(3a) Append — head(Tp, ary ;).
EndFor
EndFor
(4 Fork=ptol
(5)Forj=1tol+1
(5a) Append — head(Ty, Bik,;)-
EndFor
(6)Forj=1tol+1
(6a) Append — head(Ty, Br,5)-
EndFor
EndFor
EndProcedure

Lemma 3-2: The DNA-based algorithm, InitialValue(1}),
can be applied to construct molecular solutions of « and j3.
Proof: Please refer to the proof of Theorem 3-1. |

D. Constructing Parallel Comparators of Complex Numbers

The following first DNA-based

ImaginaryParallelComparator(7y, To0, 11,1, To.1",

algorithm,

Toa1<,Tio0 =, T1i0%,k k), is proposed to complete the
function of a parallel comparator of (! + 1) bits for the
imaginary part of complex numbers, and the following
second DNA-based algorithm, RealParallelComparator(T
0, T0,0, T171,T0,1 >:,T071 < , T170>:, T1,0< R k, k), iS also presented
to complete the function of a parallel comparator of (I + 1) bits
for the real part of complex numbers. When the two DNA-based
algorithms are called by Algorithm 3-1, molecular solutions
of « and 3 are in the first parameter, Tp, the second parameter
through the seventh parameter are all empty tubes, and the
values of the eighth parameter and the ninth parameter are the
value of the index variable of the first single loop in Algorithm
3-1. Notations used in them are denoted in Section III-C.

Procedure

ImaginaryParallelComparator (7o, To.o, 71,1, 701",
Toa1<, T1.0”=. T10, k, k)

(1) ParallelComparator(Ty, To,0, 71,1, To,1” s Do <, 1107,
Tio<, k. k,ai. Bi).

EndProcedure
Lemma 3-3: The DNA-based algo-
rithm, ImaginaryParallelComparator(T

0, T0,0, T171,T0,1 >:7T071 <, T170>:7 T1,0< . k, k), can be apphed to
complete the function of a parallel comparator of (I + 1) bits for
the imaginary part of complex numbers.

Proof: Please refer to the proof of Theorem 3-1. ]

Procedure
RealParallelComparator (TQ7 T‘Q’Q7 T171, TO,l >=
Ti0” ", Th0°, k, k)

(1) ParallelComparator(Zp, To.0, T1.1,70,1” =, 701 <, T10” =,
Ti0%, k, k,ar,8r).
EndProcedure

<
7T0«,1 >

Lemma 3-4: The DNA-based algorithm,
RealParallelComparator (T, Ts,0, 71,1, To,1 ~=, To1 <,
Ti,0”=,T1,0°,k, k), can be employed to complete the function
of a parallel comparator of (! + 1) bits for the real part of
complex numbers.

Proof: Please refer to the proof of Theorem 3-1. [ ]

E. Constructing a Parallel Comparator of (I + 1) Bits for the
Real Part and the Imaginary Part of Complex Numbers

The following DNA-based
ParallelComparator (7o, To.0, 74,1, 70,17,
Toa1< T1.0”" . Ti0%,k, k,af,30) is proposed to complete the
function of a parallel comparator of (I + 1) bits for the real
part and the imaginary part of complex numbers. The content
from the first parameter to the ninth parameter is the same as
that of nine arguments in two callers. If it is called for dealing
with the imaginary part, then the tenth and eleventh parameters,
af and B6, are replaced by ai and JBi. Otherwise, they are
replaced by «r and Sr.

algorithm,

Procedure ParallelComparator(Ty, To.0, 74,1, 10,1~ To1 ™,
T1’0>=, T1,0< . k7 ]{?7 Ot(g, ﬂﬂ)

(1) T70N = +(T0., CL’H]C’H,ll) and T7OFF = 7(T0, a@k,Hll).

@) T11 = +H(Tr°Y, B0k u41") and Ty o = —(T7ON, BOy,11").
B) To1 = HTHOFF, B0k 121") and To o = —(T2OFF, 803,141 ").
(4)Forj=1to1
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(4a) OneBitComparator(Ty 1, Ti0,70.17 =, 70,1 <,
T1,0>:7 Tl-,0<7 k,J, O£07 Be)
(4b) If ((Detect(Tp,1) = “no") and (Detect(T1 ) = “no"))
then
(4c) Terminate the execution of the loop.
EndIf
EndFor
5) Topa”~ = U(To1"",To1).
(6) T1’0>: = LJ(T1,0>:7 leo).
EndProcedure

Lemma 3-5: The DNA-based algorithm,
ParallelComparator(Ty, To,0,11,1,7017 =, 101 T1,0” ",
Ti0%,k k,af,30), can be applied to complete the function of
a parallel comparator of (! + 1) bits for the real part and the
imaginary part of molecular solutions of « and 3.

Proof: Please refer to the proof of Theorem 3-1. [ |

E. Constructing a Parallel Comparator of One Bit for the Real
Part and the Imaginary Part of Complex Numbers

The following DNA-based algorithm, OneBitComparator(
TO,l; :211707 T071>:,T071 < , T1’0>:, T1’0<, k, j, af, ﬁB), is presented
to finish the function of a parallel comparator of one bit. The first
parameter Ty 1 includes DNA sequences that have af,;41 = 0
and 36,41 = 1, the second parameter 77, contains DNA se-
quences that have af 1 = 1 and 80y 141 = 0, the third param-
eter through the sixth parameter are all empty tubes, the value
of the seventh parameter is the value of the index variable of the
first single loop in Algorithm 3-1, and the value of the eighth pa-
rameter is the value of the index variable of the only single loop
in the caller. If it is called for dealing with the imaginary part,
then the ninth and tenth parameters, af and 36, are replaced by
ai and SBi. Otherwise, they are replaced by ar and Br.
Procedure OneBitComparator(Ty,1, 71,0, 7017, To1<,
T1,0>:7 T1~,0<7 k, J, a07 BG)

(1) TloN = +(T0,1, a@k,jl) and TlOFF = _(TO,L a@kijl).

(2) TZON — +(T10N,ﬂ6k,j1) and TZOFF — _(TlON,ﬂgk,jl)-
(3) T30N — +(T10FF,,6|97c,j1) and T3OFF — *(TlOFFyﬁekz,jI)
(4) T4ON = +(T1,07a0k,j1) and T4OFF = 7(T1,0,059k1]‘1).

(O) T5N = +(Tu°F, 0y,;*) and TsOFF = (TN, 86 ;1).
(6) T(;ON — +(T4OFF7ﬁ‘9k,j1) and TGOFF — _(T4OFF769k,j1)-
(7) To,r = U(To,1, T2V, T3907)

(8) Tio = U(T1707T5ON7T60FF).

9) To1”~ = U(To,.” =, T20FF).

(10) Ty, < = U(To,1<,T30N).
(1) T1,0”~ = U(T1,o>:,T50FF).

(12) T10= = U(T10~, T6OM).
EndProcedure
Lemma 3-6: The DNA-based algorithm,

OneBitComparator(Tg,h leo, T()’l >=, TO’]_ < N
Ti0”=,T10%,k,j,a8,30), can be employed to complete the
function of a parallel comparator of one bit.

Proof: Please refer to the proof of Theorem 3-1. [ |

G. Constructing Parallel Adders of Complex Numbers

For the imaginary part and real part of complex num-
bers, ImaginaryBinaryParallelAdder(Ty0,T1,1,k) and
RealBinaryParallelAdder(75 0,71,1, k) are offered to com-
plete the function of a parallel adder of (I + 1) bits. DNA
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sequences in Tpo encode two positive operands, DNA se-
quences in Ti; encode two negative operands, and the value
of k is the value of the index variable of the first single loop
in Algorithm 3-1. The notations used in the following two
DNA-based algorithms are denoted in the previous subsections.

Procedure ImaginaryBinaryParallelAdder (T5,0, 71,1, k)
(1) BinaryParallelAdder (7.0, 71,1, k, ik, j, Bik,j» 0k,5)-

EndProcedure

Lemma 3-7: The DNA-based algorithm,
ImaginaryBinaryParallelAdder(7 0,711, %), can be used
to complete the function of a parallel adder of (I + 1) bits for
the imaginary part of complex numbers.

Proof: Please refer to the proof of Theorem 3-1. |

Procedure RealBinaryParallelAdder (7) 0,711, k)
(1) BinaryParallelAdder (To,0, 71,1, k, a7k, 5, B7%,5,Yk,5) -

EndProcedure

Lemma 3-8: The DNA-based algorithm,
RealBinaryParallelAdder(7y 0,711, k), can be applied to
complete the function of a parallel adder of ({ + 1) bits for the
real part of complex numbers.

Proof: Please refer to the proof of Theorem 3-1. ]

H. Constructing a Parallel Adder of (I + 1) Bits for the Real
Part and the Imaginary Part of Complex Numbers

The following DNA-based algorithm,
BinaryParallelAdder(Zo,0,71,1, k%, af, 80, sum) 1is offered
to complete the function of a parallel adder of (! + 1) bits for
the real part and the imaginary part of complex numbers. The
front three parameters are the same as the two callers. If it is
called by ImaginaryBinaryParallelAdder(To,0,T1,1,k),
then the fourth, fifth and sixth parameters, af, 38 and sum, are
subsequently replaced by «ik j, Bik,; and iy ;. Otherwise, they
are subsequently replaced by ary ;, Brk,; and yx ;. An adder of
one bit can be applied to figure out the sum and the carry of two
input bits and a previous carry. An adder for two operands with
(I 4+ 1) bits can be completed by means of the adder of one bit.

Procedure BinaryParallelAdder(Ty,0, 11,1, k, a8, 80, sum,)
(0) If (Detect(Tn,0) == “yes") then
(1) Append — head(Tp,0, zkyoo).
(2) T20 = U(TO,(J,T2O)~
(3)Forj=1tol
(3a)
ParallelOneBitAdder(Tho, k, j, af, 36, sum).
EndFor
4) To,0 = U(To,0, T20).
(5) Append — head(Ty o, sume.i41°).
EndIf
(5a) If (Detect(T1,1) == “yes") then
(6) Append — head(T1 1, zkyoo).
(7) T20 = U(Tl’l,TQO).
8)Forj=1tol
(8a)
ParallelOneBitAdder(T%, k, j, af, 36, sum).
EndFor
(9) T1’1 = U(Tl,l,TZO)-
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(10) Append — head (T3 1, sumg 141").

EndIf
EndProcedure

Lemma 3-9: The DNA-based algorithm,
BinaryParallelAdder(Z5,0,71,1,k, a8, 30, sum), can be

applied to complete the function of a parallel adder of (I + 1)
bits for the real part and the imaginary part of complex numbers.
Proof: Please refer to the proof of Theorem 3-1. ]

1. Constructing a Parallel Adder of One Bit for the Real Part
and the Imaginary Part of Complex Numbers

The following DNA-based algorithm,
ParallelOneBitAdder (T, k, j, af, 30, sum), is proposed to
complete the function of a parallel adder of one bits for the real
part and the imaginary part of complex numbers. If it is called by
Step (3a) in BinaryParallelAdder(Tyh 0,71 1, k, a8, 80, sum),
then the first parameter, 72, contains DNA sequences
encoding positive operands. If it is called by Step (8a) in
BinaryParallelAdder (7o ,0,71,1, k&, a8, 30, sum), then the
first parameter, 15y, contains DNA sequences encoding
negative operands. The value of the second parameter, k, is the
value of the index variable of the first single loop in Algorithm
3-1, and the value of the third parameter, 7, is the value of the
index variable of the single loop in Step (3) or Step (8) in the
caller. The last three parameters are the same as the last three
arguments in the caller.

In an adder of one bit, it is assumed for1 < k < pand1 < j
< 1+ 1 that af;,; represents the first input, sumy, ; represents
the first output, 86,; represents the second input, zj ;1 repre-
sents the third input, and z,; represents the second output. It is
assumed that for 1 < k < pand1 < j <141, 255 1%, 215",
aby, ;*, B0k ;' and sumy ;' are used to represent their values to
be one, and zx ; 1%, zx.;°, aby ;°, B0k ;° and sum,, ;° are used to
represent their values to be zero.

Procedure ParallelOneBitAdder(Ts, k, j, a8, 30, sum)

(1) T1 = +(T20,a6k,,j1) and T2 = *(TQo,angl).
() Ts = +(T1, 80x,;) and Ty = —(T1, B0x,;").
(3) T = —|—(T2,ﬂ9k,j1) and Ts = —(Tz,ﬁekd‘l).
(4) Tr = +(T3,2k,’j,11 and T3 = 7(T3,Zk’j711).

)
(5) To = +(Tu, zr5 1") and Tro = — (T4, 2k,5 1%).
6) Ty, = +(T5,Zk,j—1l) and T2 = _(T5vzk,j*11)'
(7 Tws = +(TG,ZIC,]‘_11) and Ty = *(TG7Zk,j—11).
(8) Append — head(T%, sumy, ;) and Append — head(T7, zx ;).
(9) Append — head(Ts, sumy, ;) and Append — head (T, zx ;*).
(10) Append — head(Ts, sumy ;") and
Append — head (T, 2 ;).
(11) Append — head(T1o, sums ;') and
Append — head(Tha, 21,;°).
(12) Append — head(Ti1, sumk,jo) and
Append — head(Ti1, 25 ;).
(13) Append — head(Ti2, sumk,jl) and
Append — head(Tiz2, zx ;°).
(14) Append — head(Tis, sumk,jl) and
Append — head(T13, 21 ;).
(15) Append — head(Ti4, sumk,jo) and
Append — head (T4, 21 ;°).
(16) The = U(T?, TS, TQ; T107 T11, T127 T137 T14)'
EndProcedure

Lemma 3-10: The DNA-based algorithm,
ParallelOneBitAdder(Th, k, j, a8, 56, sum), can be applied
to complete the function of a parallel adder of one bit.

Proof: Please refer to the proof of Theorem 3-1. [ ]

J. Constructing Parallel Subtractors for the Absolute Value of
the First Operand Greater Than or Equal to the Absolute Value
of the Second Operand in Complex Numbers

For the absolute value of the first operand greater
than or equal to the absolute value of the second ope-
rand in the imaginary and real parts of complex num-
bers, ImaginaryBinaryParallelSubtractorGE (Ty,1”~,
Ti07=, k) and RealBinaryParallelSubtractorGE(
To1”=,T1,0”°=, k) are proposed to complete the function of a
parallel subtractor of (I + 1) bits. DNA sequences in Tp,1”~
encode the first positive operand and the second negative
operand in which the absolute value of the first positive operand
is greater than or equal to the absolute value of the second
negative operand. DNA sequences in 71,0~ ~ encode the first
negative operand and the second positive operand in which the
absolute value of the first negative operand is greater than or
equal to the absolute value of the second positive operand. The
value of the third parameter is the value of the index variable
of the first single loop in Algorithm 3-1. The notations used
in the following two DNA-based algorithms are denoted in the
previous subsections.

Procedure
ImaginaryBinaryParallelSubtractorGE (751”7,
Ti,0”=,k)
(1)
BinaryParallelSubtractorGE(Tg,l >:7 T1,0>:, k,aikyj , ,‘B’L‘k’j, l'kyj).
EndProcedure
Lemma 3-11: The DNA-based algorithm,

ImaginaryBinaryParallelSubtractorGE(

To,1” =, T1.0”~, k), can be employed to complete the function of

a parallel subtractor of (I + 1) bits for the absolute value of the

first operand greater than or equal to the absolute value of the

second operand in the imaginary part of complex numbers.
Proof: Please refer to the proof of Theorem 3-1. [ ]

Procedure

RealBinaryParallelSubtractorGE(Ty 17~ ,Ti 0", k)
(1) BinaryParallelSubtractorGE(Ty,17~, 710" =, k,
ary,j, Brig Ye,s)-

EndProcedure

Lemma 3-12: The DNA-based algorithm,
RealBinaryParallelSubtractorGE(T, 1=, 10", k), can
be used to complete the function of a parallel subtractor of (I
+ 1) bits for the absolute value of the first operand greater than
or equal to the absolute value of the second operand in the real
part of complex numbers.

Proof: Please refer to the proof of Theorem 3-1. |

K. Constructing Parallel Subtractors of (I + 1) Bits for the
Absolute Value of the First Operand Greater Than or Equal to
the Absolute Value of the Second Operand in the Real Part and
the Imaginary Part of Complex Numbers

The following DNA-based  algorithm, Binary
ParallelSubtractorGE(Ty 17, T1,0” ", k. «f,30,sum) is
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proposed to complete the function of a parallel subtractor
of (I + 1) bits for that the absolute value of the first operand
is greater than or is equal to the absolute value of the
second operand in the real part and the imaginary part
of complex numbers. The front three parameters are the
same as the front three arguments of the two callers. If it
is called by ImaginaryBinaryParallelSubtractorGE(
To,1”=,T1,0"=, k), then the fourth, fifth and sixth parameters,
o, B8 and sum, are subsequently replaced by «iy ;, 3ix;
and iy, ;. Otherwise, they are subsequently replaced by ary, ;,
Bri,; and yg ;. A subtractor of one bit can be used to compute
the difference bit and the borrow bit for two input bits and a
previous borrow. A subtractor for two operands with (I + 1) bits
can be completed by means of the subtractor of one bit.

Procedure

BinaryParallelSubtractorGE (1,17, 110", k,
ab, 56, sum)

(1) If (Detect(Tp,1 =) == “yes") then

(2) Append — head(Typ17 =, 21,0").

(3) T30 = U(T071>:,T30).

(4)Forj=1tol

(4a) ParallelOneBitSubtractorGE(Ts, k, j, o8, 80,sum).
EndFor

(5) To,1”~ = U(To1~"~, T30).

(6) Append — head(Ty 17, sumg,i4+1%).
EndIf

(7) If (Detect(T1,0”=) == “yes") then

(8) Append — head(T1,0"=, z1,0").

(9) Tso = U(T10” =, Tho).

(10) For j =1to!

(10a) ParallelOneBitSubtractorGE (T30, k, j, af, 36,sum).
EndFor

(11) T1,0°= = U(T1.0”7, Tso).
(12) Append — head(T1,0”~, sumg i41°).
EndIf
EndProcedure
Lemma 3-13: The DNA-based algorithm,

BinaryParallelSubtractorGE (1,17, 110", k,
ab, 30, sum), can be employed to complete the function of
parallel subtractors of (I + 1) bits for that the absolute value of
the first operand is greater than or equal to the absolute value
of the second operand in the real part and the imaginary part of
complex numbers.

Proof: Please refer to the proof of Theorem 3-1. [ |

L. Constructing Parallel Subtractors of One Bits for the
Absolute Value of the First Operand Greater Than or Equal to
the Absolute Value of the Second Operand in the Real Part and
the Imaginary Part of Complex Numbers

For the real part and the imaginary part of com-
plex numbers, the following DNA-based algorithm,
ParallelOneBitSubtractorGE (T30, k, 7, a0, 80,sum),

is offered to complete the function of a par-
allel subtractor of one bit. If it is called by Step
(4a) in BinaryParallelSubtractorGE (7)1~ 7,

Ti0”=, k,ad, 30, sum), then the first parameter, Tsq, consists
of DNA sequences encoding the first positive operand and the
second negative operand in which the absolute value of the
first positive operand is greater than or equal to the absolute
value of the second negative operand. If it is called by Step
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(10a) in BinaryParallelSubtractorGE(Ty 1" =, T10" ", k,
b, 88, sum), then the first parameter, T3, contains DNA
sequences encoding the first negative operand and the second
positive operand in which the absolute value of the first negative
operand is greater than or equal to the absolute value of the
second positive operand. The value of the second parameter,
k, is the value of the index variable of the first single loop in
Algorithm 3-1, and the value of the third parameter, 7, is the
value of the index variable of the single loop in Step (4) or
Step (10) in the caller. The last three parameters are the same
as the last three arguments of the caller. In a subtractor of one
bit, it is supposed that for 1 < k < pand1 < j <141, aby,;
represents the first input, swmy,; represents the first output,
B30r,; represents the second input, zz ;1 represents the third
input, and zz; represents the second output. Distinct DNA
sequences are designed to encode the value “0” or “1” for
Zk,j—1s Zk,js aﬂk,j, ,Bek’j and SuUMmyg, 5 for 1 S k S Y2 and 1 S J g I
+ 1. Itis assumed thatfor 1 <k <pand1<j <I+1,2,-1",
255", afr ', B0k ;' and sumy, ;' are applied to represent their
values to be one, and zx ;_1%, zx ;°, 0k ;°, B6k ;° and sumy ;°
are used to represent their values to be zero.

Procedure

ParallelOneBitSubtractorGE (T3, k, j, o8, 80,sum)
(1) Ty = +(Ts0, a0k ;') and To = —(Ts0, b ;).

(2) T5 = +(T1, B6k,;") and Ty = —(T, Bk ;).

B) Ts = +(T2, 80k ;') and Ts = —(Tz, B0y ;).

4) Tr = +(Ts, 2

(5) To = +(Tu, 2ze,5-1") and Tro = — (T4, z5-1").

(6) Th1 = +(Ts,255-1") and Th1a = —(T5, 2,5-1').

(7) Ths = +(T6, 2k,5-1") and Tha = —(T6, z5,5-1").

(8) Append — head(T%, sumy ;) and Append — head(Tv, zx ;).
(9) Append — head (T, sumy ;°) and Append — head(Ts, zx,;°).

(10) Append — head(Ts, Sumk,jo) and
Append — head(Ty, 2k ;7).

(11) Append — head(T1o, sums ;') and
Append — head(Tho, 2 ;).

(12) Append — head(Ti1, sumy, ;) and
Append — head(T11, 2k ;7).

(13) Append — head(T}s, sumy ;") and
Append — head(Ti2, 25 ;).

(14) Append — head(T}s, sumy ;') and
Append — head(Ts, 2 ;7).

(15) Append — head(T}s, sumy,;°) and
Append — head(T14, 21 ;°).

(16) Ts0 = U(T7.TS,T9,T10,T117T12,T13,T14).

Ty,
2

T3, 2x,5-1") and Ts = — (T3, 2x,5-17).

EndProcedure

Lemma 3-14: The DNA-based algorithm,
ParallelOneBitSubtractorGE (T3, k, j, o8, 30,sum), can be
applied to complete the function of a parallel subtractor with
one bit for that the absolute value of the first operand is greater
than or equal to the absolute value of the second operand.

Proof: Please refer to the proof of Theorem 3-1. ]
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M. Constructing Parallel Subtractors for the Absolute Value of
the First Operand Less Than the Absolute Value of the Second
Operand in Complex Numbers

In the imaginary and real parts of complex numbers,
ImaginaryBinaryParallelSubtractorLT (T51<,71,0<, k)
and RealBinaryParallelSubtractorLT (T,:<,T1,0%,k) are
proposed to complete the function of a parallel subtractor of
(I 4+ 1) bits for that the absolute value of the first operand is
less than the absolute value of the second operand. When the
two DNA-based algorithms are called by Algorithm 3-1, DNA
sequences in Tp,1< encode the first positive operand and the
second negative operand in which the absolute value of the first
positive operand is less than the absolute value of the second
negative operand. DNA sequences in 10 encode the first
negative operand and the second positive operand in which the
absolute value of the first negative operand is less than the abso-
lute value of the second positive operand. The value of the third
parameter is the value of the index variable of the first single
loop in Algorithm 3-1. The notations used in the following two
DNA-based algorithms are denoted in the previous subsections.

Procedure
ImaginaryBinaryParallelSubtractorLT (15,1 <,71,0<, k)

(1)

BinaryParallelSubtractorLT (70,1 <, 71,0, k, @ik, i, Bikj, ki)

EndProcedure

Lemma 3-15: The DNA-based algorithm,
ImaginaryBinaryParallelSubtractorLT (T,1<,71,0~, k),
can be used to complete the function of a parallel subtractor of
(I + 1) bits for that the absolute value of the first operand is less
than the absolute value of the second operand in the imaginary
part of complex numbers.

Proof: Please refer to the proof of Theorem 3-1. |

Procedure
RealBinaryParallelSubtractorLT (15,1 <, T1,6,k)

(1)

operand in which the absolute value of the first positive operand
is less than the absolute value of the second negative operand.
DNA sequences in T30 encode the first negative operand and
the second positive operand in which the absolute value of the
first negative operand is less than the absolute value of the
second positive operand. The value of the third parameter is the
value of the index variable of the first single loop in Algorithm
3-1. The fourth, fifth and sixth parameters, af, 36 and sum, are
subsequently replaced by «iy ;, Bix,; and ik ; if it is called by
ImaginaryBinaryParallelSubtractorLT (15 <, 71 0%, k).
Otherwise, they are subsequently replaced by ari ;, 37x,; and
yk,j. A subtractor of one bit can be employed to figure out
the difference bit and the borrow bit for two input bits and a
previous borrow. A subtractor for two operands with (I + 1)
bits can be completed by means of the subtractor of one bit.

Procedure BinaryParallelSubtractorL'T
(To1<,T1,0,k,af, B8, sum)

(1) If (Detect(Tp,1<) == “yes") then

(2) Append — head(To.1 <, Zr0).

(3) Ty = U(TQ’1<7T4Q).

(4)For j =1tol

(4a) ParallelOneBitSubtractorLT (T, k, j, o6, 86, sum).
EndFor

(5) Toa< = U(To1%,To).

(6) Append — head(Tb,1 <, Sumk’l+1l).
EndIf

(7) If (Detect(T1,0<) == “yes") then

(8) Append — head(T1,0~, 2zx,0").

(9) Tio = U(T1,0<,T40).

(10)Forj = 1tol

(10a) ParallelOneBitSubtractorLT (14, k, j, a8, 50, sum).
EndFor

(11) T1,0< = U(T1,0<7T40)~

(12) Append — head (11,0, sumy 141°).
EndIf

EndProcedure

Lemma 3-17: The DNA-based algorithm,
BinaryParallelSubtractorLT (151,710, k, o8, 88, sum),
can be applied to complete the function of parallel subtractors

BinaryParallelSubtractorLT (Th,1<,T1,0~, k, ark. i, B7%.;, yx,;).0f (I + 1) bits for that the absolute value of the first operand is

EndProcedure

Lemma 3-16: The DNA-based algorithm,
RealBinaryParallelSubtractorLT (Tp,1<,T1,0<,k), can be
applied to complete the function of a parallel subtractor of (I
+ 1) bits for that the absolute value of the first operand is less
than the absolute value of the second operand in the real part of
complex numbers.

Proof: Please refer to the proof of Theorem 3-1. ]

N. Constructing Parallel Subtractors of (I + 1) Bits for the
Absolute Value of the First Operand Less Than the Absolute
Value of the Second Operand in the Real Part and the Imaginary
Part of Complex Numbers

The following DNA-based algorithm,
BinaryParallelSubtractorLT (Tp1<,T1,0%, k, @b, 36, sum)
is presented to complete the function of a parallel subtractor of
{1+ 1) bits for that the absolute value of the first operand is less
than the absolute value of the second operand in the real part
and the imaginary part of complex numbers. DNA sequences in
To,1 < encode the first positive operand and the second negative

less than the absolute value of the second operand.
Proof: Please refer to the proof of Theorem 3-1. ]

O. Constructing Parallel Subtractors of One Bits for the
Absolute Value of the First Operand Less Than the Absolute
Value of the Second Operand in the Real Part and the Imaginary
Part of Complex Numbers

The following DNA-based algorithm,
ParallelOneBitSubtractorLT (Tug, k, 7, ab, 36, sum), is
presented to complete the function of a parallel subtractor of
one bit for that the absolute value of the first operand is less than
the absolute value of the second operand in the real part and the
imaginary part of complex numbers. If it is called by Step (4a) in
BinaryParallelSubtractorLT (Ty1 <, T1,0 . k, a0, 30, sum),
then the first parameter, T4, includes DNA sequences
encoding the first positive operand and the second
negative operand in which the absolute value of the first
positive operand is less than the absolute value of the
second negative operand. If it is called by Step (10a) in
BinaryParallelSubtractorLT (751,710, k, a8, 88, sum),
then the first parameter, Tio, consists of DNA sequences
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encoding the first negative operand and the second positive
operand in which the absolute value of the first negative
operand is less than the absolute value of the second positive
operand. The value of the second parameter, %, is the value of
the index variable of the first single loop in Algorithm 3-1,
and the value of the third parameter, 7, is the value of the
index variable of the single loop in Step (4) or Step (10) in
BinaryParallelSubtractorLT (75 1<,T1.0<, k, af, 36, sum).
The last three parameters are the same as the last three
arguments in the caller.

Because the absolute value of the first operand is less than the
absolute value of the second operand, in a subtractor of one bit
it is supposed for 1 < k < pand 1 < j <[+ 1 that 86, ; rep-
resents the first input, afy, ; represents the second input, zx ;1
represents the third input, sumj, ; represents the first output, and
zk,; represents the second output.

Procedure

ParallelOneBitSubtractorLT (T, k, j, a8, 30, sum)
(1) Tt = +(Tuo, BOk,;") and T = —(Tho, B0 ;).

Q)15 = +(T1,a9k,jl) and 7Ty = —(T1,Ou9k,j1)
(3) Ts = +(T2,Ot(9k,j1) and Ty = —(Tz,aek,jl)
(4) T = +(T3,Zk’j,11) and T3 = 7(T3,Zk’j711).

35Ty = —|—<T4,Zk,j711) and Thop = —(T4,Z}c,j711).

(6) Ti1 = +(Ts, 25,51 ") and Taz = —(Ts, 2k 51 1).

(7) Tis = +(Te, 2r,5-1") and Thoa = —(Te, 21,5-1").

(8) Append — head (T, suimy ;) and Append — head(Tv, zx;1).
(9) Append — head(Ts, sumy, ;°) and Append — head (T, zx ;°).
(10) Append — head(Ty, sumy,;°) and

Append — head(Ty, zk,jo).

(11) Append — head(Tig, sums_ ;') and

Append — head(Tho, Zk’jo).

(12) Append — head(Ti1, sumy, ;%) and

Append — head(Tn, Zkvjl).

(13) Append — head(T}2, sumy, ;') and

Append — head(T1z, 25 ).

(14) Append — head(Tis, sumy,;') and

Append — head (T3, 2 ;).

(15) Append — head (T4, sumy ;) and

Append — head (T4, 2x,;°).

(16) Tuwo = U(T7,Ts, Ty, Tho. Th1, Tia, Ths, Tha).

EndProcedure

Lemma 3-18: The DNA-based algorithm,
ParallelOneBitSubtractorLT (T4, k, j, a8, 36, sum), can be
applied to complete the function of a parallel subtractor of one
bit for that the absolute value of the first operand is less than the
absolute value of the second operand.

Proof: Please refer to the proof of Theorem 3-1. [ |

IV. COMPLEXITY ASSESSMENT

Theorem 4-1: For implementing addition and closure axioms
of addition to complex vectors with p-tuples of complex numbers
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with that the values of each imaginary and real parts are encoded
as signed binary numbers of ({+1) bits and each bit is encoded by
8 base pairs, its time complexity is O{pxI) biological operations,
its volume complexity is O(22*%*") x p) DNA strands, its tube
complexity is O(1) tubes, and its longest DNA strand is O(p x I
x 8) base pairs.

Proof: The DNA-based algorithm, Init(71,), in Step (1) of
Algorithm 3-1 is implemented by means of O(p x ) biological
operations. Next, the DNA-based algorithm, InitialValue(Tp),
in Step (2) of Algorithm 3-1 is implemented by means of O(p x
!) biological operations. The four DNA-based algorithms from
Step (3a) through Step (3d) of Algorithm 3-1 are implemented
by means of O(I) biological operations. Next, Step (3¢) of Al-
gorithm 3-1 is implemented by means of O(1) biological opera-
tions. Similarly, the four DNA-based algorithms from Step (3f)
through Step (31) of Algorithm 3-1 are implemented by means
of O(I) biological operations. Next, Step (3j) of Algorithm 3-1
is implemented by means of O(1) biological operations. Each
Step from Step (3a) through Step (3j) in Algorithm 3-1 is imple-
mented p times. Therefore, the total number of biological opera-
tions for implementing them is O(p x [). Next, the total number
of biological operations for implementing Step (5a) through Step
(51) in Algorithm 3-1 is O(p x I). Finally, Step (6) and Step (6a)
of Algorithm 3-1 are implemented by means of O(1) biological
operations. Similarly proof can be used to show complexity of
volume, tube and the longest DNA strand. Therefore, it is in-
ferred that its time complexity is O(p x I) biological operations,
its volume complexity is O(22*%*%) x p) DNA strands, its tube
complexity is O(1) tubes, and its longest DNA strand is O(p x [
x @) base pairs. ]

V. CONCLUSIONS

With current biotechnology, the time for each operation is at
least one second. Realistically, steps like gel electrophoresis take
much longer, but for the sake of argument say each biological
operation takes one second. From Theorem 4-1, if the values of
p and I are equal to 10'°, then we need to take at least 10'° x
109 seconds which are about 10'° x 317 years.
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